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Problem 1. (30 points: Correct answer = +2, no answer = 0, incorrect answer= −1.)
Say True or False to the following statements. You don’t need to justify your answer.

(a) (b) (c) (d) (e) (f) (g) (h) (i) (j)
True
False

(a) If the observation in a statistical inference problem is jointly random with the
unknown parameter to be inferred, then a Bayesian approach can be taken to
design a detector or an estimator to minimize the average cost.

(b) For a binary hypothesis testing, there are two different types of decision errors.

(c) The optimal Bayes detector is always the same as the MAP detector.

(d) The MAP detector always minimizes the average probability of decision error.

(e) The Neyman-Pearson (N-P) lemma says that the N-P detector is always a likelihood
ratio test.

(f) For a binary detection problem, there always exists a non-randomized likelihood
ratio test as an optimal detector, regardless of the optimality criterion.

(g) The N-P optimality criterion is applicable to a binary hypothesis testing problem
with a random parameter.

(h) If a decision rule is an equalizer rule, then it is the minimax decision rule.

(i) The ML detector is always equivalent to the minimum Euclidean distance decision
rule, if the observation is modeled as a known deterministic signal (that depends
on each hypothesis) plus additive colored Gaussian noise.

(j) If minx maxy f(x, y) = maxy minx f(x, y) for a pair (x, y) = (x0, y0), then it is a
solution to the optimization problem minx maxy f(x, y).
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(k) (l) (m) (n) (o)
True
False

(k) The minimax optimality criterion is applicable not only to a random parameter
detection problem but also to a non-random parameter detection problem.

(l) According to the N-P lemma, the most powerful detector with level α is a random-
ized likelihood ratio test with false alarm probability equal to α.

(m) From the receiver operating characteristic (ROC) curve of the N-P detectors, we
can find the operating point of the MAP detector.

(n) From the cost assignment rule and the receiver operating characteristic (ROC) of
the N-P detectors, we can find the operating point of the minimax detector.

(o) The ROC curve of the N-P detectors is always a differentiable function because it
is concave.
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Problem 2. (35 points) Answer the following questions.

(a) (5 points) Given an M -ary hypothesis testing problem, what is the number of
different types of decision errors?

(b) (5 points) Show that the MAP decision rule reduces to the ML decision rule when
the prior probabilities are all equal.

(c) (5 points) Given a binary hypothesis test θ̂(y) and a cost Ci,j for i, j ∈ {0, 1},
find the Bayes risk E{Cθ̂(Y ),Θ} and the conditional Bayes risks in terms of the cost,

p , Pr(θ̂(Y ) = 1|Θ = 0), q , Pr(θ̂(Y ) = 1|Θ = 1), and π0 , Pr(Θ = 0).

(d) (5 points) Given two binary detectors θ̂1(y) and θ̂2(y), find the probability of false

alarm of a randomized decision rule Θ̂(y) in terms of γ , Pr(Θ̂(Y ) = θ̂1(Y )) = 1−
Pr(Θ̂(Y ) = θ̂2(Y )), PF,1 , Pr(θ̂1(Y ) = 1|Θ = 0), and PF,2 , Pr(θ̂2(Y ) = 1|Θ = 0).

(e) (5 points) Find the optimal solution x that maximizes pTx, subject to 0 ≤ xi ≤
1, ∀i, and xT1 = 1.

(f) (5 points) Find the optimal solution (x∗1, x
∗
2, x
∗
3) that maximizes 2x1 + 2x2 + x3,

subject to x1 + 2x2 + 2x3 ≤ 2 and 0 ≤ xi ≤ 1,∀i.

(g) (5 points) When Φ is a continuous random variable and Θ is a binary random
variable, find the pdfs of Y conditioned on {Θ = 0} and {Θ = 1}, respectively, in
terms of the conditional pdfs fY |Θ,Φ(y|θ, φ) and fΦ|Θ(φ|θ).
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Problem 3. (15 points: 1 point each) Suppose that you are given a binary hypothesis
testing problem with a cost assignment Ci,j for i, j ∈ {0, 1}. Fill in the blanks below.

• PD(δ) is called the ( (a) ) and PF (δ) is called the ( (b) ) of the binary detector δ.

• The most ( (c) ) detector with level α is defined as a detector δ that maximizes
PD(δ) subject to PF (δ)( (d) )α.

• According to the N-P lemma,

the N-P detector = argmax
δ

PD(δ) subject to PF (δ)( (e) )α, i.e.,

the most ( (c) ) detector with ( (f) ) α.

• The minimax detector δ∗π0 is an ( (g) ) rule that satisfiesR(δ∗π0|Θ = 0) = R(δ∗π0|Θ =
1).

• Let π0 , ( (h) ), then the minimax criterion can be written as

min
δ

max{R(δ|Θ = 0), R(δ|Θ = 1)} = min
δ

max
0≤π0≤1

( (i) ) + ( (j) )

≥ ( (k) ) r(δ, π0)

= max
0≤π0≤1

V (π0)

• Given the signal and system model as

Source -
( (l) )

Probabilistic Mapping -
Y

Detector -
( (m) )

Sink

the N-P criterion in radar detection has two hypotheses,

H0: The target is not present.

vs.

H1: The target is present.

where the false alarm event is defined as ( (n) ) and the miss event is defined as
( (o) ).
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Problem 4. (30 points) Suppose that the random observation of a binary hypothesis
testing problem is a quantized version of a continuous random variable, so that the
quantizer output Y is well modeled as

Hi : Y = si +N,

where s1 = −s0 = ln 3 is known to the detector and N is an additive Laplacian noise
with pdf

fN(n) =
1

4
e−

|n|
2 .

When we design a detector that processes Y , answer the following questions.

(a) (5 points) Sketch two conditional pdf’s fY |H1(y) and fY |H0(y).

(b) (5 points) Find the log likelihood ratio

ln
fY |H1(y)

fY |H0(y)

and sketch its graph as a function of y.

(c) (5 points) When the uniform cost is assigned, i.e., Ci,j = 1− δi,j, find the minimum
a posteriori average cost detector with Pr(H0) = 2

5
.

(d) (5 points) When the uniform cost is assigned, find the Bayes risk of the minimum
a posteriori average cost detector with Pr(H0) = π0.

(e) (10 points) When the uniform cost is assigned, find a minimax detector. Is it
unique?
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Problem 5. (25 points) Suppose that the observation Y is modeled as a length-N
random vector such that

H0 : Y ∼ N (s0, σ
2IN)

vs.

H1 : Y ∼ N (s1, σ
2IN),

where s0 and s1 are linearly independent known vectors, and Pr(H0) = Pr(H1) = 1/2.
Define

c ,
s0 + s1

2
and d , s1 − s0,

and answer the following questions.

(a) (5 points) Find the MAP detector in terms of y, c, and d.

(b) (5 points) Find the average probability of decision error of the MAP detector.
(In your answer, you can use either Q-function, Marcum’s Q-function, generalized
Marcum’s Q-function, the cdf of χ2 random variable, or their inverse functions.)

(c) (5 points) When ‖s0‖2 +‖s1‖2 = 2E > 0, find the necessary and sufficient condition
on s0 and s1 such that the average probability of error of the MAP detector is
minimized.

(d) (5 points) Find the Neyman-Pearson detector with N = 2 and PF = α, and evaluate
its PD.

(e) (5 points) Sketch the ROC curve of the N-P detectors found in (d), and calculate
the tangent of the curve when α = 1

3
.
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Problem 6. (15 points: Minuk Kim’s Shin ramen problem) The Mayans were all wrong
and the earth did not face its last day on Dec. 12, 2012. It is now the year 2023 and
you have just received a phone call from your spouse asking to buy twenty packs of Shin
ramen on your way home after work. There are two grocery stores, a nation-wide store
chain Homeplus Express and a local store, on your way home and the price of a pack of
Shin ramen is usually different at the two stores. Let the lower price be denoted by pmin

and the higher price by pmax, all in dollars per pack of Shin ramen.
You do not want to buy twenty packs of Shin ramen at pmax but you at the same time

do not want to visit each store more than once. The trouble is that you do not know
which store sells a pack of Shin ramen at pmin and, moreover, you do not know the values
of pmin and pmax at all. Answer the following questions.

(a) (5 points) To find the optimal strategy for your shopping, formulate an optimization
problem motivated by the minimax optimality criterion.

(b) (5 points) Find the solution to the problem formulated in (a).

(c) (5 points) Evaluate the performance of your strategy found in (b), i.e., what is your
average price per pack of Shin ramen in dollars?
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Problem 7. (20 points) Given a binary hypothesis testing problem with the cost assigned
as Cθ̂,θ for θ̂, θ ∈ {0, 1}, the ROC curve of the N-P detectors is given by PD(PF ) as a
function of the false alarm probability 0 ≤ PF ≤ 1. Answer the following questions.

(a) (5 points) Show that the intersection between the ROC curve and the straight line

PD =
C1,0 − C0,0

C1,1 − C0,1

PF +
C0,0 − C0,1

C1,1 − C0,1

is the operating point of the minimax detector.

(b) (5 points) Sketch the procedure in (a) with C1,0 = CF , C0,0 = C1,1 = 0, and
C0,1 = CM .

(c) (5 points) Find the MAP detector by using a differentiable ROC curve of the N-P
detectors when π0 , Pr(Θ = 0).

(d) (5 points) Evaluate the performance of the MAP detector found in (c) by properly
defining an inverse function.
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