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Problem 1. (40 points: Correct answer = +2, no answer = 0, incorrect answer= −1.) Say True
or False to the following statements. Mark your answers in the following tables. You don’t need
to justify your answer.

(a) (b) (c) (d) (e) (f) (g) (h) (i) (j)

True

False

(a) The ML detector is the MAP detector with equal posteriori probabilities.

(b) Among joint probability distributions between the observation and the parameter having
the fixed first and 2nd order moments, the joint Gaussian distribution results in the worst
MSE of the MMSE estimator.

(c) For every jointly Gaussian Y and Θ, the MMSE and the AMMSE estimators are always
the same.

(d) If θ̂(y) is the MMAE estimator for Θ, then g(θ̂(y)) is the MMAE estimator for g(Θ),
where g(·) is a strictly increasing function.

(e) If θ̂(y) is the ALMMSE estimator for Θ, then g(θ̂(y)) is the ALMMSE estimator for g(Θ),
where g(·) is any affine function.

(f) A BLUE always exists given a linear observation model with zero-mean additive noise.

(g) The BLUE coincides with the MVUE when Y = Hθ + N , where H is a full-rank tall
matrix and N is a zero-mean Gaussian noise.

(h) If T (y) is a sufficient statistic for θ, then g
(
T (y)

)
is also a sufficient statistic for θ, where

g(·) is any invertible function.

(i) The BLUE coincides with the MVUE when Y = Hθ + N , where H is a full-rank tall
matrix and N is a zero-mean Gaussian noise.

(j) If the MUVE exists, it achieves the CRLB.
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(k) (l) (m) (n) (o) (p) (q) (r) (s) (t)

True

False

(k) If a statistic T (y) is complete, then the family {fT (Y );θ(y)|θ ∈ I} is complete.

(l) If fY ;θ(y) is a function only of θ and T (y), then T (y) is sufficient.

(m) If an unbiased estimator θ̂(y) is a function of a sufficient statistic, then it is efficient.

(n) T (y) is sufficient for θ iff fY ;θ(y) = g
(
T (y), θ

)
, ∀y, ∀θ for some g (t, θ).

(o) T (y) is sufficient for Θ iff fΘ|Y (θ|y) = g
(
T (y), θ

)
, ∀y, ∀θ for some g (t, θ).

(p) The likelihood ratio is a sufficient statistic for any binary hypothesis testing.

(q) Even if the MUVE exists, it may not achieve the CRLB.

(r) If a sufficient statistic of a one-parameter exponential family is unbiased, then it is the
MVUE.

(s) The Lagrange multiplier technique is often used to find solutions to the optimization
problems with equality and inequality constraints.

(t) If the score function factors as ∂
∂θ ln fY ;θ(y) = h(θ)(T (y)−θ), ∀θ,∀y, then T (y) is sufficient

for θ.
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Problem 2. (15 points) Answer the following questions.

(a) (5 points) X is a continuous random variable with a cumulative distribution function
FX(x). Fill in the blanks below.

E [Xn] =

∫ ∞
−∞

nxn−1 (1− FX(x)) dx

(proof)

Let 1A(x) ,

{
1, x ∈ A;
0, x /∈ A.

∫ ∞
−∞

nxn−1 (1− FX(x)) dx =

∫ ∞
−∞

nxn−1

∫ ∞
−∞

( ( i ) )dFX(y)dx

=

∫ ∞
−∞

∫ ( ( iii ) )

( ( ii ) )
nxn−1dxdFX(y)

=

∫ ∞
−∞

( ( iv ) )dFX(y)

= E[Xn]

(b) (5 points) Let Xi’s are i.i.d poisson random variables with a parameter λ, i.e., a probability

mass function is P{Xi = n} = e−λλn

n! . Show that Y , X1 + X2 + · · · + Xn is a poisson
random variable with a parameter nλ

(c) (5 points) When we want to find a BLUE in linear observation model, we can reduce the
problem like below.

wBLUE = arg min
w

wTRw

s.t.wTx = 1 .

Then, we need to solve the quadratic minimization problem with an equality constraint.
Hence, we use the Lagrange multiplier technique. What is the Lagrangian function and
how to prove this optimization problem? What is the wBLUE?
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Problem 3. (15 points) Previously, we had assumed complete knowledge of the PDFs under
H0 and H1, allowing the design of optimal detectors. We now turn to the more realistic problem
in which the PDF is not completely known. For example, there are two hypothesis H0 and H1.

H0 : R =
√
X2 + Y 2

H1 : R =
√

(X − µX)2 + (Y − µY )2

X and Y are i.i.d jointly gaussian random variables with zero mean and variance σ2. µ1 and
µ2 are random variable, but PDFs of µ1 and µ2 will be unknown.
Answer the following questions.

(a) (5 points) Show that the pdfs of R under H0 and H1 is

fR|H0
(r) =

r

σ2
e−

r2

2σ2 , fR|H1
(r) =

r

σ2
e−

r2+χ2

2σ2 I0

(rχ
σ2

)
where χ =

√
µ2
X + µ2

Y 6= 0, respectively.

(I0(x) is monotone increasing function and continuously differentiable.)

(b) (5 points) Given µX and µY , find N-P detector with size α.
(Hint : Use polar coordinate to calculate PD or PFA)

(c) (5 points) Find the UMP detector with level α.
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Problem 4. (20 points) Given a Bayesian point estimation problem with the unknown and
random parameter Θ, the random observation Y , and the cost function C(θ̂, θ), answer the
following questions.

(a) (5 points) Show that the optimal estimator is always the minimum a posteriori risk esti-
mator.

(b) (5 points) When C(θ̂, θ) , (θ̂− θ)TA(θ̂− θ) with a symmetric positive definite matrix A,
find the optimal Bayesian point estimator and evaluate its average cost.

(c) (5 points) Show that if an estimator θ̂(y) is an MMSE estimator, then it satisfies the

orthogonality principle E[(θ̂(Y )−Θ)T (Y )T ] = 0 for any statistic T (Y ).

(d) (5 points) When C(θ̂, θ) , (θ̂− θ)TA(θ̂− θ) with a symmetric positive definite matrix A,
find the optimal affine linear Bayesian point estimator and evaluate its average cost.
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Problem 5. (10 points) Show that the joint Gaussianity Y ,Θ is the worst case distribution for
the MMSE estimation of Θ given y using equations and venn diagrams.
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Problem 6. (20 points: Minuk Kim’s interference problem) Suppose that the observation Y is
modeled as

Y = HX +N + I

where H is a tall matrix of full rank, X is an unknown random parameter with mean zero
and positive definite covariance matrix Σ, N is an additive Gaussian noise with mean zero and
positive definite covariance matrix R, I 6= 0 is an interference term modeled by

I = θp

where θ is an unknown deterministic real number and p is a known vector. Answer the following
questions.

(a) (5 points) Derive the LMMSE estimate for X.

(b) (5 points) In you answer to the subproblem (a) above, explain why this estimator cannot
be used to estimate X based on the observation Y and the known parameters. (Hint:
What is the unknown parameter? Can it appear in your estimate?)

(c) (5 points) When ‖I‖ � 1, show that the LMMSE estimator you derived in (a) can be
approximated by

XLMMSE(y) ≈ ΣHT (HΣHT +R)−1(y − Î),

where Î is an estimate of I given by

Î =
pT (HΣHT +R)−1y

pT (HΣHT +R)−1p
p.

(d) (5 points) Find the BLUE for θ by regarding HX +N in Y as a random noise. Interpret
Î in (c) in terms of the BLUE.
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Problem 7. (40 points) Consider the Poisson distribution

P (X = x; θ) =

{
θxe−θ

x! , x = 0, 1, 2, · · · ;
0, otherwise.

X1, X2, · · · , XN is a set of observations from Poisson distribution. Answer the following ques-
tions.

(a) (5 points) Let X , [X1, X2, · · · , XN ]T . Show that PX;θ(x) belongs to the one-parameter
exponential family.

(b) (5 points) Using N-F factorization theorem, show that 1
NΣN

n=1Xn is a sufficient statistic.

(c) (5 points) Show that 1
NΣN

n=1Xn is a complete for φ , [θ, 1]T .
(Hint : You are able to use results in lectures.)

(d) (5 points) Find the pmf PX;φ(X) which is parameterized by φ.

(e) (5 points) Show that 1
NΣN

n=1Xn is an unbiased for θ.
(Hint : Use the result of Problem 2.(b).)

(f) (5 points) Find the CRLB on the estimation error of an unbiased estimator 1
NΣN

n=1Xn

for θ using the pmf of X.

(g) (5 points) Find the pmf of T , 1
NΣN

n=1Xn , i.e., PT ;θ(t), and find the CRLB on the
estimation error of an unbiased estimator T using the pmf of T .

(h) (5 points) Compare the CRLB of (f) and (g) and check whether T is an efficient estimator
for θ.
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