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Problem 1. (30 points: Correct answer = +1, no answer = 0, incorrect answer= −1.) Say
True or False to the following statements. Mark your answers in the following tables. You don’t
need to justify your answer.

(a) (b) (c) (d) (e) (f) (g) (h) (i) (j)

True

False

(a) If the observation in a statistical inference problem is jointly random with the unknown
parameter to be inferred, then a Bayesian approach can be taken to design a detector or
an estimator to minimize the average cost.

(b) The optimal Bayes detector is always the same as the MAP detector.

(c) For a binary detection problem, there always exists a non-randomized likelihood ratio test
as an optimal detector, regardless of the optimality criterion.

(d) If a decision rule is an equalizer rule, then it is the minimax decision rule.

(e) The ML detector is always equivalent to the minimum Euclidean distance decision rule,
if the observation is modeled as a known deterministic signal (that depends on each
hypothesis) plus additive colored Gaussian noise.

(f) From the cost assignment rule and the receiver operating characteristic (ROC) of the N-P
detectors, we can find the operating point of the minimax detector.

(g) The ROC curve of the N-P detectors is always a differentiable function because it is
concave.

(h) Among joint probability distributions between the observation and the parameter having
the fixed first and 2nd order moments, the joint Gaussian distribution results in the worst
MSE of the MMSE estimator.

(i) For every jointly Gaussian Y and Θ, the MMSE and the AMMSE estimators are always
the same.

(j) If θ̂(y) is the MMAE estimator for Θ, then g(θ̂(y)) is the MMAE estimator for g(Θ),
where g(·) is a strictly increasing function.
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(k) (l) (m) (n) (o) (p) (q) (r) (s) (t)

True

False

(k) If a statistic T (y) is complete, then the family {fT (Y );θ(y)|θ ∈ I} is complete.

(l) The BLUE coincides with the MVUE when Y = Hθ + N , where H is a full-rank tall
matrix and N is a zero-mean Gaussian noise.

(m) If an unbiased estimator θ̂(y) is a function of a sufficient statistic, then it is efficient.

(n) T (y) is sufficient for θ iff fY ;θ(y) = g
(
T (y), θ

)
, ∀y, ∀θ for some g (t, θ).

(o) T (y) is sufficient for Θ iff fΘ|Y (θ|y) = g
(
T (y), θ

)
, ∀y, ∀θ for some g (t, θ).

(p) Even if the MUVE exists, it may not achieve the CRLB.

(q) The Lagrange multiplier technique is often used to find solutions to the optimization
problems with equality and inequality constraints.

(r) If the score function factors as ∂
∂θ ln fY ;θ(y) = h(θ)(T (y)−θ),∀θ,∀y, then T (y) is sufficient

for θ.

(s) The EM algorithm can be used for MAP detection problems with nuisance parameters.

(t) In EM algorithm, the complete observation is observable part of the incomplete observa-
tion.
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(u) (v) (w) (x) (y) (z) (aa) (ab) (ac) (ad)

True

False

(u) In many cases, the sequence of the MLEs with i.i.d. sequence observations is asymptoti-
cally unbiased and asymptotically achieves the CRLB.

(v) A Wiener filter is a linear estimator that minimizes the mean square error in estimation,
given jointly wide-sense stationary observable and unobservable random processes.

(w) The Kalman filtering adopts the affine LMMSE criterion.

(x) Nyquist rate sampling of a band-limited signal can be viewed as a projection of the
received signal to the directions of uniformly time-shifted sinc pulses.

(y) The order of two serially connected linear filters can be changed without affecting the
overall output.

(z) Given a binary hypothesis testing problem with a strictly time-limited observation, we can
always KL expand the observation using the same orthonormal basis for both hypotheses.

(aa) For the detection of one of M known signals transmitted over AWGN, M matched filters
matched to the M known signals always form an optimal receiver front-end.

(ab) The ML estimation rule with a time-limited continuous-time observation of deterministic
signals in the AWGN always reduces to the minimum Euclidean distance rule.

(ac) The ML estimation rule with a time-limited continuous-time observation in the AWGN
always reduces to the correlation receiver.

(ad) The set of all orthonormal eigenfunctions of a given covariance function for a time-limited
observation is an orthonormal basis of the space of all finite-energy time-limited signals.
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Problem 2. (15 points) Answer the following questions.

(a) (5 points) Given a binary hypothesis test θ̂(y) and a cost function C(i, j) for i, j ∈ {0, 1},
find the Bayes risk E{C(θ̂(Y ),Θ)} and the conditional Bayes risks in terms of the cost,
p , Pr(θ̂(Y ) = 1|Θ = 0), q , Pr(θ̂(Y ) = 1|Θ = 1), and π0 , Pr(Θ = 0).

(b) (5 points) What is the Rao-Blackwell theorem to improve an unbiased estimator? Draw
a block diagram and state all the assumptions and the results.

(c) (5 points) Given two jointly distributed vector random processes (X[k])k and (Y [k])k,
state the Kalman filtering problem to estimate X[n] using (Y [k])nk=−∞. Don’t forget to
describe the state and the measurement equations and all the necessary assumptions.
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Problem 3. (15 points) Suppose that the random observation of a binary hypothesis testing
problem is a quantized version of a continuous random variable, so that the quantizer output
Y is well modeled as

Hi : Y = si +N,

where s1 = −s0 = ln 2 is known to the detector and N is an additive Laplacian noise with pdf

fN (n) =
1

4
e−

|n|
2 .

When we design a detector that processes Y , answer the following questions.

(a) (5 points) Sketch two conditional pdf’s fY |H1
(y) and fY |H0

(y).

(b) (5 points) Find the log likelihood ratio

ln
fY |H1

(y)

fY |H0
(y)

and sketch its graph as a function of y.

(c) (5 points) When the uniform cost is assigned, i.e., Ci,j = 1 − δi,j , find the minimum a
posteriori average cost detector with Pr(H0) = π0.

(d) (5 points) When the uniform cost is assigned, find a minimax detector.
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Problem 4. (15 points) Suppose that there are two hypotheses H0 and H1

H0 : R =
√
X2 + Y 2

H1 : R =
√

(X − µX)2 + (Y − µY )2

where X and Y are i.i.d. Gaussian random variables with mean zero and variance σ2, while
µX and µY are deterministic numbers such that µXµY 6= 0. Answer the following questions.

(a) (5 points) Show that the probability density functions of R under H0 and H1 are given
by

fR|H0
(r) =

r

σ2
e−

r2

2σ2 and fR|H1
(r) =

r

σ2
e−

r2+χ2

2σ2 I0

(rχ
σ2

)
,

respectively, where χ ,
√
µ2
X + µ2

Y > 0 and I0(·) is the zero-order modified Bessel function

of the first kind defined as

I0(x) ,
1

2π

∫ 2π

0
exp(−x cos θ)dθ.

(b) (5 points) Given µX and µY , find most powerful detector with size α. (Hint. Use the fact
that I0(x) is a monotone increasing function. Also, use the polar coordinateTo compute
PFA.)

(c) (5 points) When µX and µY are unknown, find the uniformly most powerful detector with
level α.
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Problem 5. (15 points) Suppose that the observation Y , [Y1, Y2, · · · , YN ]T consists of i.i.d.
Poisson random variables with p.m.f.

P (Yn = y) =


e−λ

λy

y!
, for y = 0, 1, 2, · · · ,

0, otherwise,

where λ > 0 is an unknown deterministic parameter to be estimated. Answer the following
questions.

(a) (5 points) Using the Neyman-Fisher factorization theorem, show that

1

N

N∑
n=1

Yn

is sufficient for λ.

(b) (5 points) Using the score function, find the Fisher information.

(c) (5 points) Show that 1
N

∑N
n=1 yn is the best linear unbiased estimator for λ.
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Problem 6. (15 points) Suppose that the observation model is given by

H0 : Y n ∼ f0(y),

vs.

H1 : Y n ∼ f1(y),

where (Y n)∞n=1 is a sequence of i.i.d. random vectors with P (H0) = p = 1 − P (H1). Answer
the following questions.

(a) (5 points) When n = 0, what is the stopping rule and the decision rule of the SPRT(A,B)?

(b) (5 points) When n = N > 0, what is the stopping rule and the decision rule of the
SPRT(A,B)?

(c) (5 points) Using the wald’s approximation, Find PFA, PM.
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Problem 7. (15 points) Suppose that N(t) is a zero mean wide-sense stationary Gaussian
random process with the autocorrelation function given by

E[N(t)N(s)] , RNN (t− s), for 0 ≤ t, s < T.

Answer the following questions.

(a) (5 points) When RNN (τ) can be represented by

RNN (τ) =

∞∑
k=−∞

cke
jπkτ
T , for − T < τ < T,

find ck in terms of RNN (τ).

(b) (5 points) Solve the Fredholm integral equation∫ T

0
E[N(t)N(s)]φk(s)ds = λkφk(t), for 0 ≤ t < T

to find the pairs (λk, φk(t))k of the eigenvalue λk and the corresponding eigenfunction
φk(t).

(c) (5 points) Find the condition on (ck)k for E[N(t)N(s)] to be positive semi-definite.
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Problem 8. (15 points) Suppose that the observation Y (t) is modeled by

Y (t) =


3As(t) +N(t), Θ = 0,
As(t) +N(t), Θ = 1,
−As(t) +N(t), Θ = 2,
−3As(t) +N(t), Θ = 3,

0 ≤ t < T,

where s(t) is a known signal, A is a known positive real number, Θ is an unknown uniform
random variable to be estimated, and N(t) is a zero-mean white Gaussian random process with
the autocorrelation function given by

RNN (t, s) =
N0

2
δ(t− s), 0 ≤ t, s < T.

Answer the following questions.

(a) (5 points) Find the random variable observation problem that is equivalent to the above
problem. In particular, specify the probability density function of the noise component.

(b) (5 points) What is the MAP detector of the problem in (a)?

(c) (5 points) What is the average probability of a decision error of the MAP detector found
in (b)? (You can use the Q-function defined as Q(x) ,

∫∞
x e−y

2/2dy/
√

2π.)
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Problem 9. (15 points) Suppose that the observation Y (t) is modeled as

Y (t) = A sin(2πfct+ θ) +N(t) 0 ≤ t < T,

where A, fc, and T are known positive real numbers, fcT is an integer such that fcT >> 1, θ is
an unknown deterministic parameter to be estimated, and N(t) is a zero-mean additive white
Gaussian noise with autocorrelation function

RNN (t, s) =
N0

2
δ(t− s), 0 ≤ t, s < T.

Answer the following questions.

(a) (5 points) Find the MLE for θ by using the first order necessary condition.

(b) (5 points) Convert the above observation model to an equivalent vector observation model
by using the trigonometric identity sin(A + B) = sinA cosB + cosA sinB. Specify the
probability density function of the noise component.

(c) (5 points) Find the MLE for θ by using the result in (b). Compare your answer with what
you found in (a).
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Problem 10. (25 points) Consider an AR(1) process

Y [n] = aY [n− 1] +X[n] − 1 < a < 1,

where X[n] is a zero-mean white noise with autocorrelation function E {X[n]X[m]} = σ2δn,m.
Answer the following questions.

(a) (5 points) Find RY Y [0] , E {Y [n]Y [n]} by squaring the both sides of Y [n] = aY [n− 1] +
X[n].

(b) (5 points) Find RY Y [1] , E {Y [n]Y [n− 1]} by multiplying Y [n − 1] to the both sides of
Y [n] = aY [n− 1] +X[n].

(c) (5 points) Find RY Y [k] , E {Y [n]Y [n− k]} by using the mathematical induction.

(d) (5 points) When you can use only 2 events {Y [n−1] = y[n−1]} and {Y [n−2] = y[n−2]}
to predict Y [n], formulate a linear minimum mean-square error (LMMSE) estimation
problem.

(e) (5 points) In (d), derive the LMMSE estimator by using the orthogonality principle.
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Problem 11. (5 points) Suppose that the observed signal y(t) is a periodic signal with period
T , i.e., y(t) = y(t+ T ), ∀t. When the model function is given by

y(t)−
N∑

k=−N
ake

j 2πkt
T ,

derive the least square estimate of a when a = [a−N , a−N+1, · · · , aN−1, aN ]T .
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